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Abstract. Matrices allow two products linked by transpose. Biring is algebra 
which defines on the set two correlated structures of the ring. According to 
each product we can extend the definition of a quasidctcrminant given in [1, 
2] and introduce two different types of a quasidctcrminant. 
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1. Concept of Generalized Index 

Studying tensor calculus we start from studying univalent covariant and con- 
travariant tensors. In spite on difference of properties both these objects are ele- 
ments of respective vector spaces. Suppose we introduce a generalized index ac- 
cording to the rule a 1 = a" 1 , b l = b'~ . Then we see that these tensors have the 
similar behavior. For instance, the transformation of a covariant tensor gets form 

b H = b'r = frlbj =ffl 

This similarity goes as far as we need because tensors also form vector space. 

These observations of the similarity between properties of covariant and con- 
travariant tensors lead us to the concept of generalized index. 1 We will use the 
symbol • in front of a generalized index when we need to describe its structure. I 
put the sign ' in place of the index whose position was changed. For instance, if 
an original term was I will use notation a,i_ instead of notation a\ . 
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Even though the structure of a generalized index is arbitrary we assume that 
there exists a one-to-one map of the interval of positive integers 1, n to the 
range of index. Let i be the range of the index i. We denote the power of this set 
by symbol \i\ and assume that |i| = n. If we want to enumerate elements a* we use 
notation 01, a n . 

Representation of coordinates of a vector as a matrix allows making a notation 
more compact. The question of the presentation of vector as a row or a column of 
the matrix is just a question of convention. We extend the concept of generalized 
index to elements of the matrix. A matrix is a two dimensional table, the rows and 
columns of which are enumerated by generalized indexes. To represent a matrix we 
will use one of the following forms: 

Standard representation: in this case we write elements of matrix A as 



Alternative representation: in this case we write elements of matrix A as 
a A b or b A a . 

Since we use generalized index, we cannot tell whether index a of matrix enumerates 
rows or columns until we know the structure of index. 

We could use notation *-column and *-row which is more close to our custom. 
However as we can see bellow the form of presentation of matrix is not important 
for us. To make sure that notation offered below is consistent with the traditional 
we will assume that the matrix is presented in the form 



Definition 1.1. I use the following names and notation for different minors of the 



A a : '-row with the index a is generalization of a column of a matrix. The 
upper index enumerates elements of *-rows and the lower index enumerates 
*-rows. 

At : the minor obtained from A by selecting *-rows with an index from 
the set T 

At a ] : the minor obtained from A by deleting *-row A a 
A[x] '• the minor obtained from A by deleting *-rows with an index from 
the set T 

'A : *-row with the index b is generalization of a row of a matrix. The 
lower index enumerates elements of *-rows and the upper index enumerates 
*-rows. 

s A : the minor obtained from A by selecting *-rows with an index from 
the set S 

t 6 U : the minor obtained from A by deleting *-row A 

^A : the minor obtained from A by deleting *-rows with an index from 



Remark 1.2. We will combine the notation of indexes. Thus b A a is 1 x 1 minor. 
The same time this is the notation for a matrix element. This allows an identifying 
of 1 x 1 matrix and its element. The index a is number of *-row of matrix and the 





matrix A 



the set S 



□ 



index b is number of *-rows of matrix. 



□ 
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Each form of the notation of a matrix has its own advantages. The standard 
notation is more natural when we study matrix theory. The alternative form of the 
notation makes expressions in the theory of vector spaces more clear. Extending 
the alternative notation of indexes to arbitrary tensors we can better understand 
an interaction of different geometric objects. Using the duality principle (theorem 
2.14) improves our expressivity. 

Remark 1.3. We can read symbol *- as c- and symbol *- as r- creating this way 
names c-row and r-row. Further we extend this rule to other objects of linear 
algebra. I will use this convention designing index. □ 

Since transpose of the matrix exchanges *-rows and *-rows we get equation 

(1.1) i {A T y = i A j 

Remark 1.4. As we can see from the equation (1.1), it is not important for us the 
choice of a side to place a number of *-row and and the choice of a side to place 
a number of *-row. This is due to the fact that we can enumerate the elements 
of matrix in different ways. If we want to show the numbers of *-row and *-row 
according to the definition 1.1, then the equation (1.1) has form 

j (A T ) i = i A j 

In standard representation, the equation (1.1) has form 

(A T ){ = A) 

□ 

We call matrix 2 

(1.2) HA = (>HA i ) = ttTA>_)- 1 ) 

Hadamard inverse of matrix A = (bA a ) ([2]-page 4). 

1 will use the Einstein convention about sums. This means that when an index 
is present in an expression twice and a set of index is known, I have the sum over 
this index. If needed to clearly show set of index, I will do it. Also, in this paper I 
will use the same root letter for a matrix and its elements. 

We will study matrices elements of which belong to division ring D. We will 
also keep in mind that instead of division ring D we may write in text field F. We 
will clearly write field F in case when commutativity creates new details. We will 
denote by 1 identity element of division ring D. 

Let I, |7| =nbea set of indexes. We introduce the Kronecker symbol 

(1-3) 3 = { l ^ >-l I 

2 The notation ('~j4.^_) _1 means that we exchange rows and columns in Hadamard inverse. 
We can formally write this expression in following form 
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2. BlRING 

We consider matrices whose elements belong to division ring D. 

The product of matrices is associated with the product of homomorphisms of 
vector spaces over field. According to the custom the product of matrices A and 
B is defined as product of „-rows of the matrix A and *-rows of the matrix B. 
Conventional character of this definition becomes evident when we put attention 
that *-row of the matrix A may be a column of this matrix. In such case we 
multiply columns of the matrix A over rows of the matrix B. Thus we can define 
two products of matrices. To distinguish between these products we introduced a 
new notation. 3 



Definition 2.1. **-product of matrices A and B has form 

A**B = { a A c c B b ) 
a (A**B) b = a A c c B b 

and can be expressed as product of a *-row of matrix A over a *-row of matrix 
B. 4 □ 



(2.1) 



Definition 2.2. %-product of matrices A and B has form 

A\B = ( a A c c B b ) 
a {A\B) b = a A c c B b 

and can be expressed as product of a *-row of matrix A over a ,-row of matrix 
B. 5 □ 



(2.2) 



Remark 2.3. We will use symbol **- or %- in name of properties of each product 
and in the notation. According to remark 1.3 we can read symbols ** and % as rc 
-product and cr-product. This rule we extend to following terminology □ 

Remark 2.4. Just as in remark 1.4, I want to draw attention to the fact that I 
change the numbering of elements of the matrix. If we want to show the numbers 
of „-row and *-row according to the definition 1.1, then the equation (2.2) has form 

(2.3) \A%B) a = c A a b B c 

However the format of the equation (2.3) is unusual. □ 



3 In order to keep this notation consistent with the existing one we assume that we have in 
mind * "-product when no clear notation is present. 

In alternative form operation consists from two symbols * which we put in the place of index 
which participate in sum. In standard notation we write operation as 

A,'B = (A-Bl) 



{A«*B)l = A«Bg 
and can be construed as symbolic notation 

A,*B = A*B* 

where we write symbol * on place of index which participate in sum. 

^In alternative form operation consists from two symbols * which we put in the place of index 
which participate in sum. In standard notation we write operation as 

A*,B = (AlB b c ) 



(A%B)g = A c a B b c 
and can be construed as symbolic notation 

A%B = A*B, 

where we write symbol * on place of index which participate in sum. 
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Set of n x 7i matrices is closed relative **-product and **-product as well relative 
sum which is defined by rule 

(A + B) b a = A b a +B b a 

Theorem 2.5. 

(2.4) (A**B) T = A T \B T 

Proof. The chain of equations 

a ((A**B) T ) b = a (A**B) b 

= a A c c B b 

(2.5) 

= a (A T y c (B T ) b 
= a ((AT)%(B T ))» 

follows from (1.1), (2.1) and (2.2). The equation (2.4) follows from (2.5). □ 
Matrix 5 = (<5^) is identity for both products. 

Definition 2.6. A is a biring if we dchncd on A an unary operation, say transpose, 
and three binary operations, say **-product, %-product and sum, such that 

• **-product and sum define structure of ring on A 

• **-product and sum define structure of ring on A 

• both products have common identity S 

• products satisfy equation 

(2.6) {A**B) T = A T \B T 

• transpose of identity is identity 

(2.7) 5 T = 5 

• double transpose is original element 

(2.8) (A T ) T = A 

□ 

Theorem 2.7. 

(2.9) (A\B) T = (A T )**(B T ) 

Proof. We can prove (2.9) in case of matrices the same way as we proved (2.6). 
However it is more important for us to show that (2.9) follows directly from (2.6). 
Applying (2.8) to each term in left side of (2.9) we get 

(2.10) {A\B) T = {{A T ) T \{B T ) T ) T 
From (2.10) and (2.6) it follows that 

(2.11) (A\B) T = {{A T ^B T ) T ) T 

(2.9) follows from (2.11) and (2.8). □ 

Definition 2.8. We introduce **-power of element A of biring A using recursive 
definition 

(2.12) A '* = S 

(2.13) A n '*=A n - u \*A 

□ 
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Definition 2.9. We introduce %-power of element A of hiring A using recursive 
definition 

(2.14) A '* = S 

(2.15) A"** = A n ~ v ***A 

□ 

Theorem 2.10. 

(2.16) (A T ) n "* — (A n **) T 

(2.17) (A T ) n '* — (A n **) T 

Proof. We proceed by induction on n. 

For n = the statement immediately follows from equations (2.12), (2.14), and 
(2.7). 

Suppose the statement of theorem holds when n = k — 1 

(2.18) (A T ) n - u * = (A n - r *) T 
It follows from (2.13) that 

(2.19) (A T ) k ** =(A T ) k - u \*A T 
It follows from (2.19) and (2.18) that 

(2.20) (A T ) k ** = (A k ~ v ') T ^A T 
It follows from (2.20) and (2.9) that 

(2.21) {A T ) k *' = {A k - 1 **\A) T 

(2.16) follows from (2.19) and (2.15). 

We can prove (2.17) by similar way. □ 

Definition 2.11. Element A^ 1 * of hiring A is **-inverse element of element A 
if 

(2.22) A** A- 1 '* =5 

Element A^ 1 * of hiring A is %-inverse element of element A if 

(2.23) A\A- V '=5 

□ 

Theorem 2.12. Suppose element A € A has ^-inverse element. Then transpose 
element A T has * ^-inverse element and these elements satisfy equation 

(2.24) (A T )- 1% = {A- U ') T 

Suppose element A £ A has * ^-inverse element. Then transpose element A T has 
-inverse element and these elements satisfy equation 

(2.25) (A T )~ 1 ** = (A _1 **) T 
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Proof. If we get transpose of both side (2.22) and apply (2.7) we get 

(i/A-'-'f = S T = 6 

Applying (2.6) we get 

(2.26) 5 = A T \(A- U *) T 

(2.24) follows from comparison (2.23) and (2.26). 

We can prove (2.25) similar way. □ 

Theorems 2.5, 2.7, 2.10, and 2.12 show that some kind of duality exists between 
**-product and %-product. We can combine these statements. 

Theorem 2.13 (duality principle for biring). Let 21 be true statement about 
biring A. If we exchange the same time 

• A e A and A T 

• * * -product and * * -product 
then we soon get true statement. 

Theorem 2.14 (duality principle for biring of matrices). Let A be biring of 
matrices. Let 21 be true statement about matrices. If we exchange the same time 

• * -rows and * -rows of all matrices 

• »* -product and * * -product 

then we soon get true statement. 

Proof. This is the immediate consequence of the theorem 2.13. □ 
Remark 2.15. We execute operations in expression 

A**B**C 

from left to right. However we can execute product from right to left. In custom 
notation this expression is 

C\B\A 

We follow the rule that to write power from right of expression. If we use standard 
representation, then we write indexes from right of expression. If we use alternative 
representation, then we read indexes in the same order as symbols of operation and 
root letters. For instance, let original expression be like 

A- u \*B a 

Then expression which we reed from right to left is like 

Ba *A 

in standard representation or 

a B *A 

in alternative representation. 

Suppose we established the order in which we write indexes. Then we state that 
we read an expression from top to bottom reading first upper indexes, then lower 
ones. We assume that this is standard form of reading. We can read this expression 
from bottom to top. We extend this rule stating that we read symbols of operation 
in the same order as indexes. For instance, if we read expression 
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from bottom to top, then we can write this expression in standard form 

A a *B = C a 

According to the duality principle if we can prove one statement then we can prove 
other as well. □ 

Theorem 2.16. Let matrix A have ^-inverse matrix. Then for any matrices B 
and C equation 

(2.27) B — C 
follows from the equation 

(2.28) B**A = C**A 

Proof. Equation (2.27) follows from the equation (2.28) if we multiply both parts 
of the equation (2.28) over A~ x * . □ 

3. QUASIDETERMINANT 

Theorem 3.1. Suppose n x n matrix A has ** -inverse matrix. 6 Then k x k minor 
of ** -inverse matrix satisfy 

(3.1) { I (A~ 1 '') j y U = J A I - J A [I] **^A [I] y U ^Aj 

Proof. Definition (2.22) of * "-inverse matrix leads to system of linear equations 

(3.2) WA w »«m(A- 1 «*) J + [''U,** V 1 **)./ = 

(3.3) J A [T] ^(A- U ')j + J Ar** / (A~ 1 **),/ = 8 

We multiply (3.2) by (^A m y U ' 

(3.4) [i]( A -U- )j+ ([J] A[i] y U ,*[J\a i ,* i (A- 1 *')j = 
Now we can substitute (3.4) into (3.3) 

(3.5) _JA [i] „*([ J U m )~ 1 " SWA i S i (A- 1 -') j + j A i S i (A- 1 -')j = S 

(3.1) follows from (3.5). □ 

Corollary 3.2. Suppose n x n matrix A has ** -inverse matrix. Then elements of 
-inverse matrix satisfy to the equation 

(3.6) l (A-^') 3 = OAi-iAftS ( b U M ) _1 " 

(3.7) ' { HA ' U ') i = (®A [{i y U **U ] Ai 

□ 



''This statement and its proof are based on statement 1.2.1 from [1] (page 8) for matrix over 
free division ring. 
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Example 3.3. Consider matrix 

2 A X 2 A 2 ) 



According to (3.6) 



(3.8) 


1 (A~ 1 '*) 1 


= ( 1 A 1 


~ 1 A 2 ( 2 A 2 )~ 


1 2 AO 


(3.9) 


2 (A~ 1 **)i 


= { X A 2 


- 1 Ai( 2 Ai)~ 


1 2 A 2 ) 


(3.10) 


1 (A~ 1 **) 2 


= ( 2 ^ 


- 2 A 2 { 1 A 2 y 


1 'A,) 


(3.11) 


2 (A-^) 2 


= { 2 A 2 


- 2 A l { 1 A l y 


1 l A 2 ) 



Consider the product of matrices 

c _/( 1 A 1 -iA 2 ( 2 A 2 )-^A 1 )- 1 ( 2 A 1 - 2 A 2 ^A 2 )- 1 ^A 1 )- 1 \^A 1 1 A 2 \ 
= \£A 2 -^A X { 2 A 1 )-^ 2 A 2 )- 1 ( 2 A 2 - 2 A 1 CA 1 )- 11 A 2 )- 1 )* 2 A 2 J 
From direct calculations, it follows that 

l d = CAx - 1 A 2 ( 2 A 2 )~~ 1 2 A 1 )~ 1 % + ( 2 A 1 - 2 A 2 ( 1 A 2 )~ 1 1 A 1 )~ 1 2 A 1 
= CA^CA.y 1 l A, - fAa)" 1 2 A 1 ))~ 1 1 A 1 

+ Ca^a^- 1 2 a, - Ca,)- 1 'A,))- 1 2 A, 

= (CA.r 1 % - CA,)- 1 2 A 1 )- 1 CA,)- 1 1 A 1 
+ (CA,)- 1 2 A l - ( 1 A 2 )~ 1 l A 1 )- 1 ( 2 A 2 )" 1 2 A 1 
= 1 

l C 2 = (% - M 2 ( 2 A 2 )- 1 2 A 1 )~ 1 l A 2 + ( 2 A 1 - 2 A 2 { 1 A 2 )~ 1 1 A 1 )- 1 2 A 2 
= CA^CA.y 1 l A x - fAa)" 1 2 A 1 ))- 1 l A 2 
+ { 2 A 2 (( 2 A 2 )- 1 2 A, - CA,)- 1 'A,))- 1 2 A 2 
= (CA,)- 1 Mi - ( 2 A 2 )- X 2 A 1 )- 1 ('A,)' 1 'A 2 
+ (( 2 A 2 )" 1 2 A l - (^a)- 1 1 A 1 y 1 (^a)" 1 2 A 2 
= 

2 d = CA 2 - 'AxfAt)- 1 2 A 2 y 1 i A 1 + ( 2 A 2 - 2 A 1 ( 1 A 1 y 1 X A 2 )- 1 2 A, 
= ( 1 A 1 (( 1 A 1 )- 1 l A 2 - CA.y 1 2 A 2 )~ l 1 A 1 
+ ( 2 A 1 (( 2 A 1 )- 1 2 A 2 - CA 1 )~ 1 1 A 2 ))~ 1 2 A, 
= (CAt)- 1 % - Ca 1 )- 1 2 a 2 )-' ( 1 A 1 )- 1 1 A 1 
+ (Ca,)- 1 2 A 2 - Ca,)- 1 %)-! Ca,)- 1 2 A 1 

= 
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2 C 2 = CA 2 - 1 Ai( 2 Ai)~ 1 2 A 2 )' 1 X A 2 + ( 2 A 2 - 2 A 1 ( 1 A 1 y 1 l A 2 y l 2 A 2 
= CAxiCAi)- 1 X A 2 - { 2 A x y l 2 A 2 y 1 l A 2 
+ QA^QAx)- 1 2 A 2 - (^i)" 1 ^a))" 1 2 A 2 
= (CA,)- 1 X A 2 - ( 2 A 1 y 1 2 A,)- 1 ( 1 A 1 y 1 X A 2 
+ (CA,)- 1 2 A 2 - 1 A 2 )~ 1 CAr)- 1 2 A 2 

= 1 

□ 



According to [1], page 3 we do not have an appropriate definition of a determi- 
nant for a division ring. However, we can define a quasideterminant which finally 
gives a similar picture. In definition below we follow definition [1]-1 .2.2. 

Definition 3.4. (^)-**-quasideterminant of n x n matrix A is formal expression 2 

(3.12) J dct(A,»*) 4 = J (UA~ U 'Y 

According to the remark 1.2 we can get (;?)-**-quasidcterminant as an element of 
the matrix det (a, **) which we call **-quasideterminant. □ 

Theorem 3.5. Expression for elements of ** -inverse matrix has form 

(3.13) A^ 1 *" = Hdet (A, **) 

Proof. (3.13) follows from (3.12). □ 

Theorem 3.6. Expression for (^)-** -quasideterminant can be evaluated by either 
form' 

(3.14) ^det^,**)^^-^]**^ 1 ^]) -1 * ** U]A * 

(3.15) 'det (A,**), = j A i - j A [i] **Hdet ( W A M ,/) ** y U; 

Proof. Statement follows from (3.7) and (3.12). □ 
Theorem 3.7. 

(3.16) j dct (A T , = 1 dot (A, %). 
Proof. According to (3.12) and (1.2) 

.det^,,*)^^^)- 1 "*)-^)-! 
Using theorem 2.12 we get 

.det^/yM.^-^n-rr 1 



^We can provide similar proof for (jJ)-%-quasideterminant. However we can write corre- 
sponding statement using the duality principle. Thus, if we read equation (3.14) from right to 
left, we get equation 

* det (A, \) f = Mj - [S] Ai% A H ) _1 * %M W 
j det(A,* t ) i = j Ai - ^Ai\Hdct (b'U^,**) **M[i] 
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Using (1.1) we get 

(3.17) i det(A T ,,*) i = (7(A- 1 **).l)- 1 

Using (3.17), (1.2), (3.12) we get (3.16). □ 

The theorem 3.7 extends the duality principle stated in the theorem 2.14 to state- 
ments on quasideterminants and tells us that the same expression is **-quasideter- 
minant of matrix A and %-quasideterminant of matrix A T . Using this theorem, 
we can write any statement for %-matrix on the basis of similar statement for **- 
matrix. 

Theorem 3.8 (duality principle). Let 21 be true statement about matrix biring. If 
we exchange the same time 

• ,-roro and * -row 

• ** -quasideterminant and * \-quasideterminant 
then we soon get true statement. 

Theorem 3.9. 

(3.18) (mAy 1 ** = A~ 1 **m~ 1 

(3.19) (Am)- 1 ** = m^A' 1 *' 

Proof. To prove equation (3.18) we proceed by induction on size of the matrix. 
Since 

{mAy 1 ** = ({mAy 1 ) = (A^m' 1 ) = (A' 1 ) m" 1 = A~ u * m~ x 

the statement is evident for lxl matrix. 

Let the statement holds for (n — 1) x (n — 1) matrix. Then from equation (3.1) 
it follows that 

-i»* 



('((mAy 1 **).,)- 1 ** = J (mA)j - J (mA) {1] y (^H),;,) * 

=m J Ai -m J %j** ( [J1 ^4[/]) * m _1 **m w Ai 
=m J A I -m J A [I]st * (^A^)" 1 * ** [J Uj 



(3.20) ('((mA)- 1 **),;)- 1 ** = m '(A^'^j 

The equation (3.18) follows from the equation (3.20). In the same manner we prove 
the equation (3.19). □ 



Theorem 3.10. Let 

(3.21) A 

Then 

(3.22) A- 1 * 



1 
1 



(3.23) A 



-i*» 



1 

1 

1 
1 
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Proof. It is clear from (3.8) and (3.11) that 1 (A~ 1 *") 1 = 1 and 2 (A" 1 **) 2 = 1. 
However expression for 2 (A~ 1 ' )i and 1 (A~ 1 * ) 2 cannot be defined from (3.9) 
and (3.10) since 2 A\ = 1 A 2 = 0. We can transform these expressions. For 
instance 

\A- 1 *') 1 = { 1 A 2 - 1 A 1 { 2 Ar)- 1 2 A 2 y l 

= ( 1 A 1 (( 1 A 1 )- 1 Ua-^Ai)" 1 2 A 2 ))~ 1 
= ((^i)" 1 Ui^Ai^AO" 1 M 2 - 
= ( 1 Ai( 2 Ai( 1 Ai)~ 1 % - 2 A 2 ))- 1 2 A 1 

It follows immediately that 2 (A -1 * )x = 0. In the same manner we can find that 
1 (A- 1 **) 2 = 0. This completes the proof of (3.22). 

Equation (3.23) follows from (3.22), theorem 3.7 and symmetry of matrix (3.21). 

□ 

4. Reducible Biring 

Let us study biring of matrices over held F. From the commutativity of product 
in the field it follows 

(4.1) ASB = (A c a B b c ) = {B\AD = B\A 

Definition 4.1. Reducible biring is the biring which holds condition of re- 
ducibility of products (4.1). □ 

Theorem 4.2. 

(4.2) (A** B) T = B T A T 

(4.3) (A\B) T = B T \A T 
in the reducible biring. 

Proof. From (2.6) and (4.1) it follows that 

{A**B) T = A T \B T = B T **A T 
We prove (4.3) the similar way. □ 
Theorem 4.3. 

(4.4) A' 1 " '• = A- 1 '" 
in the reducible biring. 

Proof. From (2.22) and (4.1) it follows that 

(4.5) 5 = A** A- 1 ** =A- U "\A 

(4.4) follows from comparison of (4.5) and (2.23). □ 
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5. QUASIDETERMINANT OVER FIELD 

Definition 5.1. For matrices defined over a field we define a function which is 
called the determinant of the matrix, 

(5.1) det() = 1 

(5.2) dcta = ^(-l)l a l+l b l^det a g 

a 

□ 

Theorem 5.2. 

(5.3) .(.I^IH*^ 
for matrices defined over a field. 

Proof. We proceed by induction on n. Since the product in field is commutative 
we can reduce the expression (3.15) 

(5.4) det(a,**) a b =< ^ 



det 



For n = 1, we verify the statement of the theorem directly. 
Let the statement of the theorem hold for n — k — 1 . Then this statement holds 
for all minors of the k x k matrix a. We substitute equation (5.3) in equation (5.4) 



det (a, = E 



*b"e 



( T>|d+|fi| det °[a] 



|c|<|a| |e|<|b| V V det 



E E 



f_lMc|+|e| rfet a [q] 



|c|>|a||e|<|6| V V det 



(5.5) 



det (a, = < - J] E 

|c| < |a| |e| < |6] 

+ E E 

|c| > |a| |e| < \b\ 

+ E E 

\c\ < |a| |e| > |6j 

- E E 



|c|<|o| |e|>|6| I L ) det a[ ^ %] 

n c n a 

E\ " a fc Q e 
^ C 1 Mel + lel det a lg] 
\c\>\a\ \e\>\b\ { ) det a[ ^,e ] 

(_l)l«l + |b| + |e| + |c| a c a a det a [b,< 







{-l)\ a \+\b\det a[ b a ] 


( 


-1) 


a\ + \b\ + \e\ + \c\ a c a a det a [b,e] 






{-l)\ a \+\ b \det o[*] 


( 


-1) 


a| + |6| + | e | + |c| a c a a def a £,e] 






(-1)H+I fc l<fet a[ b a ] 


( 


-1) 


a\ + \b\ + \e\ + \c\ a c a a det a £,e] 



c|>|a| |e|>|b| v y LaJ 
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Substituting equation 



deta[*] = 



E - E {-lp +Wl a a e detafc°] Oa 

\e\<\b\ \e\>\b\l 

E - E I (-l) lal+]el <deta[ b £} c<a 

\e\>\b\ |e|<|6|/ 

into the equation (5.5), we get 

{-l)\ b \+\ c \ a c b det 



at] 



(-l)l«l+|6ldet a [ b a } 



det (a, **)« = < + E + E 

\|c|<|a| |c|>|a|, 

Adding fractions, we get 

(5.6, ^M=HPE ( -"y 

Substituting equation (5.2) into (5.6), we prove that the statement of the theorem 
hold for n = k. □ 

6. References 
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BhKOJIIjLI,0 MclTpHIJ, 



AjieKcaHflp KjieiiH 



Ahhotaiimh. MaTpurrbi flonycKaiOT flBe oneparrxin npoH3Be^,eHH5i, CB5i3aHHbie 
onepauHefi TpaHcnoHiipc-BaHiisi. BuKO-jibup - 3to anre6pa, onpeflejiaiornaH Ha 

MHOJK6CTB6 flBe B3ailMHOCB5I3aHHbie CTpyKTypbl KOJlbUa. CorjiacHO Ka^K^OMy 

BHfly npoH3BefleHHa mm MOjKeni paciimpHTb onpeflejieHHe KBa3ii,n,eTepMHHaHTa, 
flaHHoe b [1, 2], h onpeflejiHTB flBa pa3Htix BHfla KBa3HfleTepMHHaHTa. 



CO,I],EP>KAHHE 

1 . KoHueniiHH o6o6ineHHoro HH,n,eKca 1 

2. BuKOjibup 4 

3. KBa3HfleTepMHHaHT 9 

4. IlpHBO^HMoe 6hkojibho 12 

5. KBa3HfleTepMHHaHT Hafl nojieM 13 

6. CniicoK jiHTepaTypti 15 

7. npe^MeTHbiii yKa3aTejib 16 

8. Cnei^HajibHbie chmbojibi h o6o3Ha x ieHHa 17 



1. KOHHEnLlHii OBOBLLI,EHHOrO HHflEKCA 

H3yHaa TeH3opHoe HcnacjieHHe, mbi HanimaeM c H3yHeHHH o^,HOBajieHTHbix KOBa- 
piiaHTHoro h KOHTpaBapHaHTHoro TeH3opoB. HecMOTpa Ha pa3jiHHne cbohctb, o6a 

3TH o6 r beKTa SBJIHEDTCH 3JieMeHTaMH COOTBeTCTByiOmHX BGKTOpHBIX IipOCTpaHCTB. 

Ecjih mbi BBe^eM o6o6ineHHbiH iin^eicc no npaBHjiy a 1 = a' 1 , b l = b'^ , to Mbi bh/ihm, 
hto 3th TeH3opbi BeflyT ce6a o/niHaKOBO. HanpiiMep, npeo6pa30BaHiie KOBapnaHT- 
Horo TeH3opa npHHHMaeT (popivry 

>>' \ r, JI ' s !?>' 

3to cxo^ctbo HfleT CKOjib yroflHO flajieKO, TaK KaK Teroopbi TaKJKe nopojKflaiOT 

BeKTOpHOe npOCTpaHCTBO. 

3th Ha6jHOfleHiis cxoflCTBa cbohctb KOBapnaHTHoro h KOHTpaBapnaHTHoro TeH- 
3opoB npHBOflaT Hac k KOHHenHHii o6o6m,eHHoro HH/rercca. 1 51 nojib3yiocb chmbojiom 
• nepe/i, o6o6iiieHHbiM HH,n;eKCOM, KOiyja mhg HeoGxo/niMO onucaTb ero CTpyKTypy. 



Key words and phrases. jiHHefiHasi anre6pa, Tejio, KBa3H,z],eTepMHHaHT, 6iiKOjibrj,o. 
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^Ha6op KOMaHfl A-* 13 pa6oTi>i c o6o6rneHHbiMri HH^eKcaMH, TaK^Ke KaK n .irpyrne KOMaH^bi, 
Hcnojii>3yeMbie b stoh h noc-ne^yioirnix CTaTbHx, mo^kho HaiiTH b (paiijie Commands.tex. 
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51 noMemaio chmboji '— ' Ha MecTe HH^eKca, no3HHiia KOToporo H3MeHHjiacb. Ha- 
npHMep, ecjiH HCxo^Hoe BbipasceHiie 6mjio ay, h nojib3yiocb 3amicbio BMecTO 



Xoth CTpyKTypa o6o6meHHoro HH^eKca npoH3BOjibHa, mbi 6yo,eM npe/niojiaraTb, 
hto cymecTByeT B3aiiMHO o/HKOHaHHoe OTo6pa»ceHHe OTpe3Ka HaTypajibHbix nnceji 

1, )J Ha MHOJKeCTBO 3HaHeHHH HHfleKCa. IlyCTb i - MHOJKCCTBO 3HaHeHHH HHfleKCa 

i. Mm 6yneM o6o3HaHaTb MOiHHOCTb SToro MHCOKecTBa chmbojiom \i\ h 6yn,eM nojia- 
raTb \i\ = n. Ecjih hblm Ha^o nepenncjiHTb sjicmchtm a,-, mm 6y#eM nojib30BaTbCH 
o6o3Ha T ieHiieM ai, a n . 

IlpeflCTaBjieHHe KOop/niHaT BeKTopa b cpopMe MaTpmrM no3BOjiaeT c^ejiaTb 3a- 
nncb 6ojiee KOMnaKTHOii. Bonpoc o npeflCTaBjieHHii BeKTopa KaK CTpoxa hjih ctoji- 
6en, MaTpnnbi HBjiaeTCH BonpocoM corjianieHHH. Mbi mojkgm pacnpocTpaHHTb koh- 
H,enu,Hio o6o6m,eHHoro HHfleKca Ha ajieMeHTM MaTpiiHM. MaTpnua - sto ,a,ByMep- 
Haa Ta6jiHH,a, ctpokh h ctoji6hm KOTopoii 3aHyMepoBaHbi o6o6ineHHMMii HHfleKca- 
mh. fl^nsi npeflCTaBjieHHH MaTpHHM mm 6y^eM nojib30BaTbCH o^hhm h3 cjieflyionnix 
npeflCTaB jieHHii : 

CTaH,n,apTHoe npe^CTaBJieHHe: b stom cjrynae mm npeflCTaBjiaeM ajieMeH- 

TM MaTpHHM A B BHfle A% . 

AjitTepHaTHBHoe npe,n,CTaBJieHHe: b stom cjry^ae mm npeflCTaBjiaeM ajie- 

MeHTM MaTpHHM A B BHfle ° At HJIH \,A a . 

TaK KaK mm nojib3yeMCH o6o6meHHMMii HHfleKcaMH, mm He momm CKa3aTb, HyMe- 
pyeT jih HHfleKC a ctpokh MaTpHHM hjih ctoji6hm, flo Tex nop, noKa mm ne 3tiaeM 
CTpyKTypbi HHfleKca. 

Mm MorjiH 6m nojib30BaTbCH TepMiinaMH *-CTOji6en; h *-CTpoKa, KOTopbie 6ojiee 
6jih3kh TpaflHii,HOHHMM. O/n-iaKO KaK mm yBHflHM HHJKe fljiH Hac HecymecTBeHHa 
(popMa npeflCTaBjieHHa MaTpHHM. ,ZIjih toto, hto6m o6o3HaHeHHa, npefljiaraeMbie 
HH:»ce, 6mjih corjiacoBaHM c Tpa/niiniOHHMMH, mm 6y^eM npe/niojiaraTb, hto MaT- 
pHHa npeflCTaBjieHa b BH,n,e 



Onpe,n,ejieHHe 1.1. 51 Hcnojib3yio cjie,zryioiHHe HMeHa h o6o3HaHeHHH pa3jiHHHbix 

MIIHOpOB MaTpHHM A 

A a : *-CTpoKa c HHfleKCOM a hbjihctch o6o6meHHeM CT0ji6na MaTpHHM. 
BepxHHii HHfleKC nepeniicjiaeT ajieMeHTbi *-ctpokh, hhjkhhh HHfleKC nepe- 

HHCJIHeT *-CTpOKH. 

At : mhhop, nojiynenHMH H3 A Bbi6opoM *-ctpok c HHjxeKCOM H3 MHOxe- 
CTBa T 

A[ a ] : mhhop, nojiyHeHHMH H3 A y^ajienneM *-ctpokh A a 
At T i : mhhop, nojiyHeHHbiii H3 A yzjajieHHeM *-ctpok c HH^eKCOM H3 mho- 
»cecTBa T 

b A : *-CTpoKa c HH^eKCOM b HBjiaeTCH o6o6meHiieM ctpokh MaTpinrbi. Hhjk- 
hhh HH,a;eKC nepenHCjiaeT sjieMeHTM * -ctpokh, BepxHiin HH^eKC nepeHHCjia- 

eT *-CTpOKH. 

S A : MHHOp, nOJiyHeHHMH H3 A Bbl6opOM *-CTpOK C HH^eKCOM H3 MHOJKe- 

CTBa S* 

: mhhop, nojiyHeHHbiii 113 A y,n,ajieHHeM ^-ctpokh b A 



3anHCH a\. 
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: mhhop, nojiyHeHHbift H3 A y^ajieHHeM *-ctpok c iiH^eKCOM H3 mho- 
»cecTBa S 

□ 

3aMenaHue 1.2. Mm Gy^eM KOM6iiHHpoBaTb 3anncb hhj^gkcob . Tax fc A a HBjiaeTCH 
lxl MiraopoM. OAHOBpeMeHHO, 3to o6o3tiaHeHiie sjieMeHTa MaTpHUBI. 3to n03B0- 
jiaeT OTOJK^ecTBHTb lxl MaTpniry h ee sjigmght. IfafleKC a HBjiaeTCJi HOMepoM *- 

CTpOKIl MaTpHHM H HHfleKC b HBJIHeTCH HOMepOM »-CTpOKH MaTpHII,bI. □ 

Ka>Kflaa (popMa 3anHCii MaTpHHM HivieeT cboh npeHMymecTBa. CTaH^apTHan 
(popivia 6ojiee ecTecTBeima, KOiyja mm roynaeM Teopnio MaTpiin,. AjibTepnaTHB- 
Haa cpopivia 3anncH ^ejiaeT BbipajKenHa 6ojiee schmmh b Teopirn bcktophmx npo- 

CTpaHCTB. PaCnpOCTpaHHB ajlbTGpHaTHBHyK) 3anHCb HH/l,eKCOB Ha npOH3BOJIi.Hi.ie 

TeH3opti, mm CMOHceM jryHine noHHTb BsaHMO^eftcTBHe pa3jiHHHi.ix reoMeTpunecKHx 
06136x108. Onnpaacb Ha npHHinin j^bohctbchhocth (TeopeMa 2.14), mbi MOxeM pac- 

HIHpHTb HaiHH Bbipa3HTejIbHbie B03MOJKHOCTH. 

3aMeuaHue 1.3. Mm mojkcm ,nproBopHTbCH, hto npn htchhh Mbi npoH3HOCHM chm- 

BOJI *- KaK C- H CHMBOJI »- KaK 7"-, (pOpMHpyH TeM CaMMM Ha3BaHHH C-CTpOKa H T- 

CTpoKa. B nocjieflyioiHeM Mbi pacnpocTpaHHM sto corjianieHHe Ha japyrne sjieMeH- 
tm jiHHeHHOfi ajire6pbi. 51 6ya,y nojib30BaTbCH sthm corjianieHneM npn cocTaBjieinin 
HHfleKca. □ 

Tax Kax TpaHcnoHHpoBaHHe MaTpuHbi MeHaeT MecTaMH *-ctpokh h *-ctpokh, to 
mm nojiynaeM paBeHCTBO 

(1.1) l {A T y = i A, J 

3aMeuaHue 1.4. KaK bhjtho H3 paBeHCTBa (1.1), ajih Hac HecymecTBeHHO, c KaKofi 

CTOpOHM mm yKa3MBaeM HOMep *-CTpOKH H C KaKOft CTOpOHM mm yKa3MBaeM HOMep 
*-CTpOKH. 3TO CBH3aH0 C TeM, HTO MM MOaCBM HyMepOBaTb SJieMeHTM MaTpHHM 
pa3JIHHHMMH CnOCo6aMH. ECJIH MM XOTHM yKa3MBaTb HOMepa *-CTpOKH H *-CTpOKH 

corjiacHO onpe,a,ejieHHio 1.1, to paBeHCTBO (1.1) npHMCT bh,zi, 

j (A T )i = % 

B CTaHflapTHOM npejj,CTaBjieHHii paBeHCTBO (1.1) npHMeT bh,zi, 

(A T ){ = A) 

□ 

Mm Ha3MBaeM MaTpimy 2 

(1.2) HA = ( j HAi) = ((',"Ai) _1 ) 

o6paiu;eHJieM A/jaivrapa MaTpHijM A = (bA a ) ([2]-page 4). 

51 nojib3yiocb 3iiHHiTeiiH0BCKHM corjianieHHeM o cyMMHpoBaHHH. 3to osHa^aeT, 

HTO, KOrfla HHfleKC npHCyTCTByeT B BbipajKeHHH flBajK^M 1I MHO}KeCTBO HHJTeKCOB 
2 3anHCt. ( '^A. 3 _)~ 1 03HaMaeT, mto npn o6pam,eHHH A^aiviapa ctoji6u,i>i 11 ctpokii MeHHiOTCH 

MeCTaMH. Mbi MOJK6M CpOpMajIbHO 3aniICaTI> 3TO BbipajKeHHe CJie^yiOII],HM o6pa30M 

„• , 1 
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H3BGCTH0, y MeHa ecTb cyMMa no 3TOMy HHfleKcy. 51 6yzry hbho yKa3MBaTb mho- 
>KecTBO HHfleKCOB, ecjiH 3to Heo6xo,i],HMO. KpoMe Toro, b stoh CTaTbe a ncnojib3yio 
Ty»ce KopHeByio 6yKBy pjin MaTpnirbi h ee sjieMenTOB. 

Mbi 6yn,eM H3ynaTb MaTpnubi, sjieMeHTbi kotopmx npHHafljieacaT Tejiy D. Mm 
TaKHce 6yn,eM hmctb b BH/ry, hto BMecTO Tejia D mm mojkem b TeKCTe nncaTb nojie 
F. Mm 6yn,eM hbho nncaTb nojie F b Tex cjiynaax. KOiyja KOMMyTaTHBHOCTb 6yn,eT 
nopojKflaTb HOBbie fleTajin. 06o3HaniiM nepe3 1 eflHHHHHbin sjigmght Tejia D. 

IlycTb 7, \I\ = n - MHO»cecTBO HHfleKCOB. Chmboji KpoHeKepa onpeflejieH 
paBencTBOM 

(1-3) S) = {1 ] = ] ijel 

2. BHKOJTbU,0 

Mm 6yn,eM paccMaTpHBaTb MaTpnubi, sjieMeHTM kotopmx npHnafljiejKaT Tejiy D. 

ITpoHSBefleHiie MaTpnii CBiraano c npoii3Be,n,eHiieM roMOMopcpn3MOB BeKTopubix 
npocTpaHCTB Hafl nojieM. Corjiacno Tpa/ninHH npon3Be^,eHHe MaTpnn, Aw B onpe- 
^ejieHO KaK npoH3Be,n,eHHe *-ctpok MaTpnnbi A n *-ctpok MaTpnnbi B. Ycjiobhocti. 
SToro onpeflejieHHH CTaHOBHTCH OHeBn/nron, ecjiH mm o6paTHM BHiiMamie, nTO *- 
CTpoxa MaTpnnbi A MO»ceT 6biTb ctoji6u,om stoh MaTpunM. B stom cjiynae mm 
yMHOJKaeM ctoji6hm MaTpnnbi A Ha CTpoxii MaTpnnbi B. TaKHM o6pa30M, mbi mo- 
xeM onpe^ejiHTb ppa, BH/i,a npoH3Be,a,eHHH MaTpnii. Hto6m pa3jmnaTb 3th npoii3- 
BefleHHH, mm BBOflHM HOBbie o6o3HaneHHH. 3 



(2.1) 



Onpe/jejiemie 2.1. t *-npoH3BefleHHe MaTpjm; An B HMeeT bh,zi, 

A**B = ( a A c c B b ) 
a {A**B) b = a A c c B b 

H MOJKeT 6bITb BbipajKeHO KaK npOH3BefleHHe *-CTpOKH MaTpHUM A H *-CTpOKH 
MaTpHHM B. 4 □ 

Onpe/jejiemie 2.2. %-npoH3BefleHHe MaTpHu, A n B HMeeT Bp; 

A\B = { a A c c B b ) 
a{A\B) b = a A c c B b 

h MO»ceT 6biTb BbipasKeHO KaK npoH3Be/i,eHHe *-ctpokh MaTpnnbi A Ha *-CTpoKy 

MaTpiIHM B. □ 



(2.2) 



^JIH COBMeCTHMOCTH o6o3Ha.M6HHH C CyiHeCTByiOIHHMH Mbi SyflGM HM6Tt> B BH/Ty **-npOH3Be- 

,zj,eHHe, Korjj,a hct hbhbix o6o3Ha i ieHHH. 

ajibTepHaTHBHOH 4)opMe onepairHH coctoht H3 A B y x chmbojiob *, KOTOpbie 3anHCbiBaiOTCH 
Ha iviecTe HHij;eKca cyMMHpOBaHiisi. B CTaH^apTHoft <J>opMe onepaunsi HMeeT bhjj, 

A,*B = (A»Bg) 
{A,*B)l = Agflg 

H MOJK6T 6MTB HHTepIIpeTHpOBaHa KaK CHMBOJIHMeCKaa 3anHCb 

A**B = A*B* 

rj^e mm 3anHCbiBaeM chmboji * Ha MecTe HH^eKca, no KOTOpOMy npe^nojiaraeTCH cyMMHpOBaHiie. 

^B ajibTepHaTHBHofi 4)opMe onepau;H5i coctoht H3 A B y x chmbojiob *, KOTOpbie 3anHCbiBaiOTCH 
Ha MecTe HHij,eKca cyMMHpOBaHHa. B CTaH^apTHOH (J)opMe onepai^H5i HMeeT bhj^ 

r A%B = (Al B b c ) 
\ {A**B)« = A= B b c 
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3aMeuaHue 2.3. Mm 6yn,eM nojib30BaTbca chmbojiom **- mm **- b hmghh cbohctb 
KajKfloro npoii3BeflenHH h b o6o3HaHeHHHx. CorjiacHO saMe^iaHHio 1.3 mm MO»ceM 
HiiTaTb ciiMBOjiBi * * h % Kax rc-npoii3Be,i];eHHe h cr-npoii3Be,n,eHHe. 3to npaBiuio 
mbi pacnpocTpaHHM Ha nocjieflyioiiryio TepMimojioriiio. □ 

3aMeuaHue 2.4. Taic-Ke kbr h b 3aMeHaHiiH 1.4, h xony o6paraTb BHHMaHne Ha to, 

HTO H MeHJHO HyMepaiTHK) SJieMeHTOB MaTpHHbl. ECJIH Mbi XOTHM yKa3biBaTb HOMepa 

*-CTpoKH h *-ctpokh corjiacHO onpeflejieHHio 1.1, to paBeHCTBO (2.2) npHMeT bh,h, 

(2.3) \A\B) a = c A a b B c 

O^HaKO (popMaT paBeHCTBa (2.3) HecKOJibKO HeoGbraen. □ 

MHOJKecTBO n x n MaTpnn, 3aMKHyTO OTHOCHTejibHO **-npoH3Be,n,eHHfl h **-npo- 
H3Be,i];eHHH, a TamKe OTHOCHTejibHO cyMMbi, onpeflejieHHOii corjiacno npaBHjiy 

(A + B) b a = A b a + B b a 

TeopeMa 2.5. 

(2.4) (A**B) T = A T %B T 
/J,OKa3ameAbcmeo. D,enoHKa paBGHCTB 

a ((A**B) T ) h = a (A**B)b 
= a A c c B b 

(2.5) 

= a (A T y c (B T ) b 

= a ((AT)%XB T )) b 

cjie^yeT H3 (1.1), (2.1) h (2.2). PaBeHCTBO (2.4) cjie^yeT H3 (2.5). □ 

MaTpuna S = (5^) HBjiaeTCH e^HHHHeft pjm o6ohx npoH3BefleHHfi. 

Onpe/rejieHHe 2.6. Bhkojibito A - sto mho jkgctbo , na kotopom mm onpeflejiH- 
jih yHapHyio onepauino, Ha3MBaeMyio TpaHcno3HHHeH, h Tpn 6nHapHbix onepainiH, 
Ha3MBaeMbie **-npoH3BefleHHe, **-npoH3Be,i];eHHe h cyMMa, Tame hto 

• st *-npoii3BefleHHe h cyMMa onpeflejiHiOT CTpyKTypy Kojibua Ha A 

• %-npoH3Be,n,eHiie h cyMMa onpe/i,ejiHiOT CTpyKTypy Kojibua Ha A 

• o6a npoiiSBefleHHa iMem o6myio e/niHHiry S 

• npoii3Be,neHHa y^OBjieTBopHiOT paBeHCTBy 

(2.6) (A** B) T = A T * *B T 

• TpaHcno3HH;iiH e/niHHHM ecTb e^HHima 

(2.7) S T = 5 

• ^Boimafl TpaHcno3Hn;HH ecTb hcxoahmh sjieMeHT 

(2.8) (A T ) T = A 

□ 



h MO^KeT 6bitb HHTepnpeTupoBaHa KaK CHMBOjiiiMecKyio 3annci> 

A*,B = A*B„ 

r,a,e Mbi 3anncbiBaeM chmboji * na MecTe HH^eKca, no KOTopoMy npeflnojiaraeTCH cyMMnpoBaHH6. 
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TeopeMa 2.7. 

(2.9) (A%Bf = (A T )**(B T ) 

JJoKasameAbcmeo. Mbi MoaceM ^OKa3aTb (2.9) b cjiynae MaTpiin, tcm »ce o6pa30M, 
hto mbi ^OKa3ajiH (2.6). TeM He Meiiee pjin Hac 6ojiee BasKHO noKa3aTB, hto (2.9) 
cjie^yeT HenocpeflCTBeHHO H3 (2.6). 

IlpiiMeHHH (2.8) k KasKflOMy cjiaraeMOMy b jieBoii nacTH (2.9), mm nojiyHHM 

(2.10) {A\B) T = {{A T ) T \{B T ) T f 
H3 (2.10) h (2.6) cjie^yeT, hto 

(2.11) [A%B) T = {{A T ^B T ) T ) T 

(2.9) cjie^yeT 113 (2.11) h (2.8). □ 

Onpe^ejieHHe 2.8. Mbi orrpe^ejiHM »*-CTeneHb sjieMeirra A 6iiKO.iiBna A, iiojib- 
3yacB peKypcHBHbiM npaBHjiOM 

(2.12) A°'*=S 

(2.13) A n '* = A n - U \*A 

□ 

Onpe^ejieHHe 2.9. Mbi onpe,n;ejiHM %-CTeneHb sjieMeHTa A 6iiKO.iiBna A, iiojib- 
3yacB peKypcHBHBiM npaBiijic-M 

(2.14) A '* = S 

(2.15) A n *' =A n ~ v '\A 

□ 

TeopeMa 2.10. 

(2.16) (A T ) n ** = (A n **) T 

(2.17) (A T ) n '* — (A n **) T 

/foKaaamejihcmeo. Mbi npoBe^eM ,n,OKa3aTejiBCTBO HHflyKinieft no n. 

IIpii n = yTBepjKfleHiie HenocpeflCTBeHHO cjie^yeT H3 paBeHCTB (2.12), (2.14) 
h (2.7). 

^onycTHM yTBepjK,n,eHHe cnpaBefljiiiBO npii n = k — 1 

(2.18) (A T ) n - u * =(A n - 1 '-f 
H3 (2.13) cjie^yeT 

(2.19) (A T ) k ** ={A T ) k - u \*A T 
Hs (2.19) ii (2.18) cjie^yeT 

(2.20) (A T ) k ** =(A fc ~ 1% )VA T 
Hs (2.20) ii (2.9) cjie^yeT 

(2.21) {A T ) k *' = {A k - 1 **\A) T 

Hs (2.19) h (2.15) cjie fl ye T (2.16). 

Mbi mcckem ,a,0Ka3aTB (2.17) no,no6HBiM o6pa30M. □ 
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Onpe^ejieHHe 2.11. BjieMeHT A lf 6nKOjibu,a A - 3to **-o6paTHbiii ajieMeHT 

sjieMeHTa A, ecjiH 

(2.22) A,* A' 1 '' =5 

3jieMeHT A^ 1 * 6nKOJibu,a A - sto %-o6paTHbifi ajieMeHT sjieMeHTa A, ecjiH 

(2.23) A\A~ r *=5 

□ 

TeopeMa 2.12. YIpednoAomcuM, umo sAeMenm A G A uMeem ** -o6pamnuu 3Jie- 
Meum. Tozda mpaucnouupoeannuu SAeMenm A T UMeem * *-o6pamuuu SAeMenm u 
3mu dJieMenmu ydoeAemeoptiwm paeeucmey 

(2.24) (A T )~ 1% = {A- U *) T 

IIpednojiojtcuM, umo SAeMenm A G A UMeem* *-o6pamuuu sAeMeum. Tozda mpanc- 
noHupoeanHuu 3AeMenm A T UMeem ** -o6pamuuu sneMenm u smu 3/ieMeumu ydo- 
ejiemeopsiem paeencmey 

(2.25) (A T r u ' =(A- 1 '*) T 

JIoKasameAbcmeo. Ecjih mm B03bM§M TpaHcnoHiipoBaHiie o6enx nacTeii (2.22) h 

npiIMGHHM (2.7), MM nOJiyHHM 

(A^A^'f = 6 T = 6 

IIpHMeHHH (2.6), Mbl nOJiyHHM 

(2.26) S = A T %{A- 1 '*) T 

(2.24) cjie^yeT 113 cpaBHeHiia (2.23) h (2.26). 

Mm MO»ceM ^,OKa3aTb (2.25) noflo6HMM o6pa30M. □ 

TeopeMM 2.5, 2.7, 2.10 h 2.12 noKa3MBaiOT, hto cymecTByeT flBOHCTBeHHOCTb 
Mempy **-npoH3BefleHHeM h %-npoir3Be,zi,eHHeM. Mm mojkcm o6 r beflHHHTb sth yTBep- 

>KfleHHH. 

TeopeMa 2.13 (npHHiinn flBOHCTBeHHOcra flJiH 6HKOJibii,a) . IIycmt> 21 - uc- 
muHHoe ymeepwcdenue o 6uKOAt>u,e A. Ecau mu 3aMenuM odnoepeMenno 

• Ae A u A T 

• ** -npou3eedenue u * ^-npouseedenue 

mo mu moea noAyuuM ucmunuoe ymeepoKdeuue. 

TeopeMa 2.14 (npHHi^nn ^BoiicTBeHHOCTH ajih GiiKOJi&ija MaTpim). Tlycmt 
A neAsiemcfi 6uKOAbu i OM Mampuu,. Tlycmb 21 - ucmunuoe ymeepjtcdenue o Mampu- 
uflx. Ecau mu 3aMeuuM odnoepeMenno 

• * -cmpom u *-cmpoKU ecex Mampuu, 

• ** -npou3eedeuue u * ^-npouseedenue 

mo mu cuoea noAyuuM ucmunuoe ymeepatcdeuue. 

/IoKasameAbcmeo. HenocpeflCTBeHHoe cneflCTBiie TeopeMM 2.13. □ 
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3aMeuaHue 2.15. B BbipajKeniiH 

A* C 

mm BBinojiHaeM onepainiio yMHOJKetiHH cjieBa HanpaBO. OflHaKO mm MOxeM BMnoji- 
HHTb onepanino yMHOJKeHiia cnpaBa HajieBO. B Tpa/niinioHHOii 3anncn sto Bbipa- 

>KeHHe npHMGT BHfl 

C\B\A 

Mm coxpaHHM npaBHjio, hto noKa3aTejib CTeneHii 3anncbiBaeTCH cnpaBa ot bm- 
pa»ceHHH. Ecjih mm nojn>3yeMCH CTaHjiapTHMM npeflCTaBjieHiieM, to HHjreKCM Tax- 
ace 3anHCbiBaiOTCH cnpaBa ot BbipajKCHna. Ecjih mm nojit>3yeMCH ajiBTepnaTHBtiBiM 
npeflCTaBjieHHeM, to HHjreKCbi miTaiOTCH b tom *:e nopa/nce, hto h chmbojibi one- 
painm h KopHeBbie 6yKBM. HanpHMep, ecjiH Hcxojxnoe BbipajKBHHe HMeeT bh/; 

A * B a 

to Bbipa»ceHHe, HHTaeMoe cnpaBa HajieBO, npnMCT bhjj, 

B a *A 

b CTaH^apTHOM npeflCTaBjiennn jih6o npmieT bha 

a B *A 

b ajiBTepHaTHBHOM npeflCTaBjieHiin. 

Ecjih 3ajj,aTb nopfljxpK, b kotopom mm 3anncMBaeM HHfleKCbi, to mm mojkcm 
yTBepjKji;aTb, hto Mbi HHTaeM BbipajKeHne CBepxy bhh3, nnTaa cnepBa BepxHne hh- 
jj,eKCbi, noTOM hiukhhc ^oroBopHBnnicb, hto sto CTaHflapTHaa (popMa htchiih, mm 
Moxeii nponecTb Bbipa»ceHHe CHH3y BBepx. ripn stom mm /xonojiHiiM npaBHjio, hto 
CHMBOjibi onepainiH Tarace HHTaiOTca b tom xe HanpaBjieHHH, hto h HH^eKCbi. Ha- 
npiiMep, BbipajKenne 

npoHTCHHoe CHH3y BBepx, b CTaH,n;apTHOH cpopMe HMeeT bhjj, 

A a \B- l '> = C a 

CorjiacHO npHHininy jtbohctbchhocth, ecjiH BepHO o,znro yTBep»c,zi;eHHe, to Bepno n 
APyroe. □ 

TeopeMa 2.16. Ecau Miampuup, A uMeem ** -o6pamnym Mampuv,y, mo 6am ak>6ux 
Mampuu, B u C U3 paeencmea 

(2.27) B**A = C**A 
CAedyem paeencmeo 

(2.28) B = C 

/J,oKa3ameAbcmeo. PaBeHCTBO (2.28) cjie^yeT H3 (2.27), ecjiH o6e nacTH paBeHCTBa 
(2.27) yMHO>KHTb Ha A^ 1 * . □ 
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3. KBA3H,n;ETEPMHHAHT 

TeopeMa 3.1. IIpednoAoatcuM, umo nxn Mampuvfl A uMeem ** -o6pam,Hym Mam- 
puv,y. 6 Tozda k x k Munop ** -o6pamnou Mampui^u ydoeAemeopsiem 

(3.1) (V- 1 -*),/) -1 * = J Aj - J A {I] ** ( [J U m ) _1 * S^Ar 

JIoKasameA'bcmeo. Onpeflejiemie (2.22) »*-o6paTHOii MaTpHuti npiiBO/niT k chctc- 
Me jiHHeflHtix ypaBHeHiiii 

(3.2) [Ji A [ri SW(A- u ')j + [J] A I ** I (A- 1 *') J = 

(3.3) J A {t[ SW{A- x '*)j + "M^iA^'^j = 5 

Mbl yMHOJKHM (3.2) Ha f^im) 

(3.4) W( J 4- 1 **), / +([ J U [/] ) _1 * SWA i .' i (A- 1 *')j = 
Tenepb mbi mojkgm noflCTaBHTb (3.4) b (3.3) 

(3.5) - J A [I} ** ( [J] A [I} y U ^A^'iA-^^j + "A!,* 1 (A- 1 '') j = S 
(3.1) cjie^yeT hb (3.5). □ 

CjieflCTBHe 3.2. TIpednoAootcuM, nmo nxn Mampuufl, A UMeem ** -oGpamnyw 
Mampuuy. Tozda BAeMenmu -o6pamnou Mampui^u ydoejiemeopsimm paeencmey 2 

(3.6) = (*Ai - j A { ^* ( b 'U w ) _1 * 

(3.7) ' { UA ~ U ') t = iA * ~ jA [i}** 



□ 



EEpHMep 3.3. PaccMOTpHM MaTpimy 

r 

\ 2 A t 
CoraacHO (3.6) 

(3.8) 1 (A~ 1 "*)i = (^i - 1 A 2 ( 2 A 2 )~ 1 2 A 1 )~ 1 

(3.9) 2 (A~ 1 '*)i = CA 2 - 1 A 1 ( 2 A 1 )- 1 2 A 2 y 1 

(3.10) 1 (A~ 1 **) 2 = { 2 A 1 - 2 A 2 ( 1 A 2 )- 1 ^i)" 1 

(3.11) 2 (A~ 1 '*) 2 = ( 2 A 2 - 2 A 1 { x A l )~ 1 1 A 2 )" 1 
PaccMOTpiiM npoH3BefleHHe MaTpim, 

_ ({ l A 1 - M 2 ( 2 A 2 )-! 2 A 1 )- 1 ( 2 A, - 2 A 2 (^A 2 )-' Ui)- 1 




^3to yTBep^K^emie h ero flOKa3aTejibCTBO ochobclhhi Ha yTBep^KfleHHii 1.2.1 113 [1] (page 8) 
fljiH MaTpHin; Ha^ cboGoahbim kojibli,om c flejiemieM. 
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H3 HenocpeflCTBenHbix bmhhcjighhh cjie/iyeT 

l d = ( 1 A 1 - M 2 ( 2 A 2 )~ 1 2 A 1 )~ 1 1 A l + ( 2 A 1 - 2 A 2 { 1 A 2 )- 1 l A 1 )~ l 2 A x 
= ( 1 A 2 (CA 2 )- 1 l A x - CA-,)- 1 2 A 1 ))- 1 l Ai 

UaC^Aa)- 1 2 A, - ( 1 A 2 ) _1 ^i))" 1 
= ((M,)" 1 % - C 2 ^)- 1 ^i)" 1 ( 1 A 2 )~ 1 % 

+ (( 2 A 2 )~ 1 - ('A,)" 1 ^ 



: C 2 



+ 



2 d 



2 c 2 



+ 



1 A 1 - 1 A 2 ( 2 A 2 )~ 1 2 A 1 )~ 1 X A 2 + ( 2 A, - 2 A 2 { 1 A 2 y 1 
1 A 2 (( 1 A 2 )~ 1 1 A 1 - CA,)- 1 2 A 1 ))~ 1 l A 2 
'A 2 (( 2 A 2 )- 1 2 A X - CAz)- 1 %))- x 2 A 2 
CA.y 1 l A t - ( 2 A 2 )~ l 2 A 1 )~ 1 ( 1 A 2 )~ 1 % 

(^r 1 2 a x - Ca,)- 1 'a,)- 1 Ca,)- 1 2 A 2 



X A 2 - 1 A 1 ( 2 A 1 )~ 1 2 A 2 )~ 1 1 A 1 + ( 2 A 2 - 2 A 1 ( 1 A 1 y 1 X A 2 ) 
1 A 1 {{ 1 A 1 y 1 1 A 2 -( 2 A 1 y 1 2 A 2 )- X 1 A 1 
2 A 1 (( 2 ^)- 1 2 A 2 -( 1 A 1 y 1 X A 2 ))- 1 2 A, 
CA.y 1 l A 2 - CAr)- 1 2 A 2 y x { 1 A 1 )- 1 1 A 1 
( 2 A 1 )- 1 2 A 2 - ( 1 A 1 r 1 x A 2 r x ( 2 A 1 )- 1 2 A l 



- 1 2 A, 



-1 2 



X A 2 - Ui^Ai)- 1 2 A 2 )~ 1 X A 2 + ( 2 A 2 - 2 A 1 { x A l y 
X A 1 (( 1 A 1 )- X x A 2 -( 2 A 1 y x 2 A 2 )- X X A 2 
2 A 1 (( 2 ^)- 1 2 A 2 -( x A 1 y 1 X A 2 ))- 1 2 A 2 
{ X A X )- X X A 2 - CAr)" 1 2 A 2 y x ( X A 1 )- 1 X A 2 



1 X A, 



- 1 2 A, 



Ca,)- 1 1 A 2 )~ 1 Ca,)- 1 2 A 2 



□ 

CoraacHO [1], page 3 y Hac HeT onpeflejieHira ^eTepMHHaHTa b cjiynae Tejia. TeM 
He MeHee, mm MCxsceM onpeflejiiiTt KBa3H,n,eTepMHHaHT, kotopmh b kohchhom iiTore 
^aeT noxcxscyio KapTiiHy. B onpeflejieHiiii, flaHHOM incite, mbi cjie,nyeM onpeflejieHiiio 
[1]-1.2.2. 

Onpe/jejiemie 3.4. (J *-KBa3HflerepMHHaHT n x n MaTpiiHM A - sto cpop- 
MajibHoe BbipajKeHiie 2 



det = 3 {'HA 



(3.12) 

CoraacHO 3aMeHaHHio 1.2 mm mojkbm paccMaTpiiBaTb (^)-**-KBa3ii,a,eTepMiiHaHT KaK 
sjieMeHT MaTpiinM det (a, **), KOTopyio mm 6yn;eM Ha3biBaTb **-KBa3H,a;eTepMH- 

HaHTOM. □ 
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TeopeMa 3.5. Bupaotcenue 6ah sjieMenmoe ** -o6pamnou Mampuufii uMeem eud 

(3.13) A' 1 *" = Hdet(A,**) 

/^oKasamejihcmeo. (3.13) cjie,nyeT H3 (3.12). □ 

TeopeMa 3.6. Bupaotcenue 3ah (£)-** -KeasudemepMUHaHm UMeem jiwGyw U3 cjie- 
dywu^ux g5opM l 

(3.14) ^det^,**)^^-^]**^^])" 1 * 

(3.15) j det (A, **). = *Ai - j A { ^*ndet ( W A M , /) ** b 'U, 

floKa3ameM>cmeo. YTBepiKfleHHe cjie^yeT H3 (3.7) h (3.12). □ 
TeopeMa 3.7. 

(3.16) j det (A T ,**Y = j det(A,**) i 
l H [ OKa3ameM>cmeo. CorjiacHO (3.12) h (1.2) 

j det{A T , t *) i = {l{{A T )-^yr)-^ 
IIojib3yHCb TeopeMoii 2.12. mm nojiyniiM 

J det(A r ) .*) < = (^_((A- 1 --) r )- 4 -)- 1 
Ilojib3yHCb (1.1), mm HMeeM 

(3.17) j det(A T , tt *) i = Cj(A-^').i_)- 1 

nojibsyacb (3.17), (1.2), (3.12), mm nojiyniiM (3.16). □ 

TeopeMa 3.7 pacinupjieT npiiHinin flBoiicTBeHHOCTii, TeopeMa 2.14, Ha yTBepjKfle- 
hhh o KBa3HfleTepMHHaHTax h yTBepjKflaeT, hto OflHO h Toace BbipajKeime hbjihct- 
ca „*-KBa3HfleTepMiiHaHTOM MaTpimM A ii %-KBa3ii r z];eTepMiiHaHTOM MaTpnuM A T . 
IIojii>3y5icb 3toh TeopeMoii, mbi mojkbm 3anncaTb jiio6oe yTBep:sc,zi,eHHe o **-MaTpn- 
ne, onHpaacb Ha nofloGHoe yTBepjKfleHHe o **-MaTpime. 

TeopeMa 3.8 (npiinniin flBOiiCTBeHHOCTii) . Ilycmb 21 - ucmuHnoe ymeepotcdenue 
o 6uK0Jibv l e Mampuu,. Ecau mu odnoepeMeHHO 3aMenuM 

• r -cmpoKy u *-cmpoKy 

• »* -Kea3udemepMUHaHm u * *-K6a3udemepMUHaHm 
mo mu cnoea nojiyuuM ucmuHnoe ymeepMcdenue. 

TeopeMa 3.9. 

(3.18) (mA)- u * = A~ u * m- 1 

(3.19) (Am) -1 ** = m -1 ^ -1 ** 



^Mbi MO»ceM flaTb no,n,o6Hoe ^OKaBaTejibCTBO ^jih (J)-* *-KBa3HfleTepMHHaHTa. O/niaKO mbi 
MOJKeM 3anncaTb cooTBeTCTByronriie yTBep^KfleHtisi, onupaact Ha npimuHn ^bohctbchhocth. Tax, 
ecjiH nponecTB paBeHCTBO (3.14) cnpaBa HajieBO, to mbi nojiynHM paBeHCTBO 

^det(A%)i = M - WUi% ( b 'U H ) _1 * V'A W 
1 det (A, %) 4 = Mj - ^'Ur.Wdet (^4],%) %M W 
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fl,oKa3ameA-bcmeo. Mbi flOKa»ceM paBeHCTBO (3.18) HH/ryKinieil no pa3Mepy MaTpn- 

HBI. 

fljia lxl MaTpiinbi yTBepjKfleHiie oneBii/nio, Tax Kax 

{mAy 1 *' = ((mA)- 1 ) = (A _1 m _1 ) = (A" 1 ) m" 1 = A" 1 **™" 1 

/JonycTiiM yTBepjK,n,eHiie cnpaBefljniBO ,h,jih (n — 1) x (n— 1) MaTpnina. Tor^a H3 
paBeHCTBa (3.1) cjiepyei 

{'{{mA)- 1 **),,)- 1 ** = J {mA) I - J {mA) [I]tt * ^{mA) {I ^~ U ^(mA)j 

-i.* 



=?7i J Aj - m J A [J]st * ( [J U[/]) * m"Vm [J U, 



(3.20) ('(H)^ 1 *").;)- 1 -' - m '(A" 1 -*)./ 

H3 paBeHCTBa (3.20) cjie^yeT paBeHCTBO (3.18). AHajioriiHHO ,a,OKa3BiBaeTCfl paBeH- 
ctbo (3.19). □ 



TeopeMa 3.10. Ylycm-b 

(3.21) A- 
Tozda 

(3.22) A- 1 * 



1 
1 



(3.23) A 



-1* 



1 

1 

1 
1 



/JoKa3ameA-bcmeo. H3 (3.8) h (3.11) oneBiiflHO, hto 1 {A~ 1 * )i = 1 11 2 {A~ 1 * ) 2 = 
1. TeM He MeHee BBipa:aceHHe fljia 2 {A- 1 * )i h 1 {A~ 1 * ) 2 He mojkbt 6biTb 
onpeflejreHO H3 (3.9) h (3.10) Tax KaK 2 Ai = *v4 2 = 0. Mbi mojkbm npeo6pa30BaTB 
3th BBipa>KeHHH. HanpHMep 

2 {A~ U *) 1 = ( 1 A2 - 1 Ai( 2 Ax)~ 1 2 A,)- 1 

= { 1 A 1 (( 1 A 1 )- 1 1 A 2 -( 2 A 1 y 1 2 A 2 ))~ 1 

= {{ 2 A 1 )~ 1 1 A 1 { 2 A 1 { 1 A 1 y 1 X A 2 - 'At))- 1 

= { 1 A 1 { 2 A 1 { 1 A 1 y 1 M 2 - 2 A 2 )y 1 2 A 1 

Mbi HenocpeflCTBeiiHO BH/niM, hto 2 {A~ 1 * )i = 0. TaKHM »ce o6pa30M mbi mojkcm 
iiaiiTH, ito 1 {A~ 1 * ) 2 = 0. 3to 3aBepniaeT flOKa3aTejibCTBO (3.22). 

PaBeHCTBO (3.23) cjiepyei H3 (3.22), TeopeMBi 3.7 h chmmctpiih MaTpinxM (3.21). 

□ 

4. IlPMBOflHMOE BHKOJIblip 

Ecjih mbi paccMaTpHBaeM 6hkojibh;o MarpHn; Ha,n, nojieM F, to h3 KOMMyTaTHB- 
hocth npoH3Be,a,eHHfl b nojie cjie^yeT 

(4.1) A**B = {A c a B b c ) = {B b c AD = B\A 
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Onpe^ejieHHe 4.1. IIpHBO,n,HMoe 6hkojil>li,o - sto 6hkojibli,o, b kotopom bm- 

nOJIHHCTCH yCJIOBHe npHBOflHMOCTH npoH3Be^eHHH (4.1). □ 

TeopeMa 4.2. 

(4.2) (A**B) T = B T **A T 

(4.3) (A\B) T = B T \A T 
e npueoduMOM 6uK0At>u > e. 

/^oKasameAbcmeo. H3 (2.6) n (4.1) cjie^yeT, ito 

(A** B) T = A T \B T = B T „* A T 
Mbi MO»ceM ^,OKa3aTb (4.3) aHajiorHHHbiM o6pa30M. □ 
TeopeMa 4.3. 

(4.4) A- l '*=A- u ' 
e npueoduMOM 6uK0At,v,e. 

/J,oKa3ameAt>cm6o. H3 (2.22) n (4.1) cjie^yeT, hto 

(4.5) 5 = A** A" 1 ** = A~ 1 *"**A 

(4.4) cjie^yeT H3 cpaBHeHira (4.5) h (2.23). □ 
5. Kba3h,ti;etepmhhaht ha/i, nojiEM 

Onpe^ejieHHe 5.1. ,Hjih MaTpim,, onpeflejieHHbix Hafl nojieM, mm onpeflejiHM cpytiK- 
u,Hio, Ha3biBaeMyio onpe^ejiHTejii. MaTpHi^ti, 

(5.1) det() = 1 

(5.2) deta = £(-l)H+l"l<deta[J 

a 

□ 

TeopeMa 5.2. 

(5.3) det(a,,*)^(-l)l Q l + l"l : d 



detafc] 

djisi Mampuv,, onpedejiemiux Had nojieM. 

JJoKaaameAbcmeo. Mm npoBe^eM flOKa3aTejibCTBO HHflyKi^Heii no n. TaK KaK yMHO- 
jKCHiie b nojie KOMMyTaTHBHO , mm mojkcm yTOHHHTb BbipajKeHne (3.15) 



(5.4) det(a,**) a b =a a b- 



det 



(a lh] *Y 



Ilpn n = 1 Mbi MO»ceM ,n,OKa3aTb yTBep»cfleHHe TeopeMbi HenocpeflCTBeHHOii npo- 
BepKoii. 
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ITycTb yTBep»c^,eHHe TeopeMM cnpaBefljiHBO npn n = k — 1. Toiyi,a sto yTBep- 
>K/i,eHHe cnpaBefljiHBO pjin Bcex MimopoB k x k MaTpnuti a. Mm noflCTaBHM (5.3) b 
paBeHCTBO (5.4) 



&et(a,*y b =at- £ £ 7T lVc | + |e| **-fiL 

|c|<|o| |e|<|6| V J det Q £, = j 



+ £ £ 

c|>|o| |e|<|i 

£ £ 

c|<|o| |e|>|l 

£ £ 



|c|>|a||o|<|6| l i i' det afc c c ] 



C_1 ^|c| + |e| rfet a E] 
|c|<|o| |e|>|6| V ' det Q £.|] 



|c|>|a| |e|>|b| 



C 1^c| + |e| det a E] 
V 7 det a[51 



(5.5) 



det (a, ,*)£ = < - £ XI 

|c| < |a| |e| < |6] 

+ £ £ 

|c|>|o| |e|<|6| 

+ £ £ 

\c\ < |a| |e| > |6] 

- £ £ 

\c\ > |a| |e| > |6] 



^-l)H+\b\+\e\+\c\ a c a a det a [f>,< 





( 


-l)M+\ b \det a[ b a ] 


( 




+ |6| + |e| + |e| a e a a det a [6,e] 




( 


-l)H+Wdet a[ Q ] 


( 




+ |6| + |e| + |c| a c a a det a J"6,e] 




( 


-l)l«l+l*>l det a[ Q ] 


( 




+ |6| + |e| + |e| a e a a det a [6,e] 



(_1)M+Hdet a[ a ] 



Il0,ZI,CTaBHB paBeHCTBO 



deta£] = 



£ " £ (-l) |a|+|e| <det < e c ] c > a 

|e|<|6| |e|>|6|/ 

£ - £ I (-l)l a l+l e l<dei a[^ c ] c < a 

\e\>\b\ |e|<|6|/ 



b paBeHCTBO (5.5), mbi nojiyHHM 
det (a, ,*)£ = <# + 

Cjiojkhb flpo6n, mm nojiyHHM 

(5.6) det(a,^ = (-l)l a l+l b l]T 

eg A/ 



£ + £ 

c|<|o| |e|>|o| 



(-l)l fe l+l c lqjjdet a[ b c ] 
(-1)M+I b ldet a|*] 

(_1)H+H a e detg [t] 
det a [J! 



noflCTaBHB (5.2) b (5.6), mm ^OKajKEM, hto yTBepjK/jeHne TeopeMbi cnpaBefljiHBO 
npn n = k. □ 



BHKOJIbl^O MaTpHIJ 
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7. IlPE^METHblH YKA3ATEJlb 

(J)-* *-KBa3HfleTepMHHaHT 11 

*-CTpoKa MaTpHii,bi 2 
**-o6paTHbiii sjieivieHT 6HKOJibu;a 7 
**-npoii3Be r ii 1 eHne MaTpnn 4 
**-CTeneHb 6 

C-CTpOKa MaTpHLI,bI 3 

(J)-**-KBa3HfleTepMHHaHT 10 
*-CTpOKa MaTpHDjbl 2 
/-KBa3Hfl6TepMZHaHT 10 

**-o6paTHbiii sjieMeHT GnKOJibi^a 7 
**-npoH3B6fleHHe iviaTpHu, 4 
**-CTeneHb 6 
r-CTpOKa MaTpHUjbi 3 

ajibTepHaTHBHoe npe^CTaBJieHHe MaTpiiii,bi 
2 

6ilKOJIbLI,0 5 

o6pameHiie A^aiviapa MaTpiiijbi 3 
onpe^ejiHTejib MaTpHu,bi 13 

npHBOflHMOe 6HKOJIbB,0 13 

npHHLI,Iin flBOHCTBeHHOCTH 6nKOJIbI] i a 7 

IIpHHLI,Iin flBOHCTBCHHOCTH flJlH 6HKOJIbD;a 

iviaTpiiu, 7 

chmboji KpoHCKepa 4 

CTaH^apTHoe npe^CTaBJieHne MaTpiiijbi 2 

yCJIOBHe npHBOflHMOCTH npoH3BefleHHH 13 
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8. CnEU,MAJlbHbIE CHMBOJlbl H OB03HAMEHH5I 



3 det (A, %). (J )-* *-KBa3HfleTepMHHaHT 11 

b A a MHHOp 3 

At mhhop 2 

5 A MHHOp 2 
Af a ] MHHOp 2 
AlT] MHHOp 2 

MHHOp 2 
I S 1 A MHHOp 3 

*-CTpoKa (c-CTpoKa) MaTpnijbi 2 
A n * %-CTeneHb sjieivieHTa A 6iiKOjibLi,a 6 

A 1 * %-o6paTHB>IH 3JieM6HT 6HKOJIbLi;a 7 

A**B **-npoii3BefleHne MaTptm 4 

J det (A, **), (j )-* * -KBa3HfleTepMHHaHT 10 

6 A *-CTpoKa (r-CTpoKa) MaTpiiu,bi 2 

A n * **-CTeneHb sjreMeHTa A 6HKOjibu,a 6 
A -1 * **-o6paTHbiit sjieMeHT 6HKOjibu,a 7 

A** £? »*-npOH3Befl6HHe MaTpim 4 

det (a,**) „*-KBa3HfleTepMHHaHT 10 

"HA o6pam,eHiie A^aiviapa MaTpni^bi 3 
5j chmboji KpoHeKepa 4 
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